Abstract. Analysis is carried-out of fracture in the End Notched Flexure (ENF) beam configuration, taking into account the material nonlinearity. For this purpose, the J-integral approach is applied. A non-linear model, based on the Classical beam theory is used. The mechanical behaviour of the ENF configuration is described by the Ramberg-Osgood stress-strain curve. It is assumed that the material possesses the same properties in tension and compression. The influence is evaluated of the material constants in the Ramberg-Osgood stress-strain equation on the fracture behaviour. The effect of the crack length on the J-integral value is investigated, too. The analytical approach, developed in the present paper, is very useful for parametric analyses, since the simple formulae obtained capture the essentials of the non-linear fracture in the ENF configuration.
Introduction
The application of laminates has increased significantly in the recent decades, [1, 2, 3, 4, 5, 6] . This is due to high stiffness-to-weight ratio, good processability, and excellent resistance to degradation, which make the laminates a promising alternative to the traditional structural materials.
The strong focus on load-bearing applications leads to a particular attention towards interlaminar fracture behaviour of laminates. Initiation and growth of interlaminar cracks drastically reduce the stiffness and the compressive strength of the laminate and may, in some cases, cause catastrophic failure of the structure. Therefore, the interlaminar fracture continues to attract the interest of the researchers [7, 8] . The fracture is studied usually in terms of strain energy release rate by using the methods of linear-elastic fracture mechanics. The basic assumption of linear-elastic fracture mechanics is that the relation between the strains and the stresses can be expressed by the Hooke's law. However, the applicability of linear-elastic fracture mechanics can be limited by the high fracture toughness (in such cases, the plastic deformation begins prior to macroscopic crack growth). Therefore, the analysis should take into account the material non-linearity [9, 10, 11, 12, 13] .
Various beam configurations for investigation of interlaminar fracture behaviour have been developed [14, 15, 16, 17, 18, 19, 20, 21] . One of these configurations is the ENF, which is used for characterization of mode II interlaminar fracture [22] .
The present paper deals with non-linear fracture analysis of the ENF beam configuration. The Ramberg-Osgood stress-strain curve is used to describe the mechanical response of the ENF. The J-integral approach is applied to study the non-linear fracture behaviour. For this purpose, a model based on the Classical beam theory is used. The effect of the material constants in the Ramberg-Osgood equation on the fracture behaviour is analyzed.
Non-linear analysis of mode II fracture
The present article reports a theoretical study of mode II longitudinal fracture in the ENF beam configuration with taking into account the material non-linearity. The ENF is illustrated schematically in Fig. 1 . A longitudinal crack of length a is located in the beam mid-plane. The beam is loaded in bending by a transverse force, F , applied in the mid-span. In this way, mode II crack loading conditions are induced. The beam has a rectangular cross-section of width, b, and height, 2h. It was assumed that the mechanical response of the ENF beam configuration follows the Ramberg-Osgood stress-strain curve, which is symmetric with respect to tension and compression as shown in Fig. 2 . The stress-strain equation is written as [23] (1)
where σ is the normal stress, ε is the linear strain, Eis the modulus of elasticity, H 2 and n 2 are material constants. The J-integral approach, developed in [24, 25] , was applied here to investigate the non-linear fracture behaviour of the ENF beam configuration. The J-integral was expressed as [24] :
where Γ is a contour of integration, going from the lower crack face to the upper crack face in the counter clockwise direction, u 0 is the strain energy density, α is the angle between the outwards normal vector to the contour of integration and the crack direction, p x and p y are the components of the stress vector, u and v are the components of the displacement vector with respect to the crack tip coordinate system xy, and ds is a differential element along the contour Γ.
In the present study, the J-integral was solved over an integration contour, that coincides with the ENF beam cross-sections ahead and behind the crack tip ( Fig. 1) , i.e. the integration contour has three segments (A 1 , A 2 , and B). Thus, the J-integral solution was found by summation:
Segments A 1 and A 2 coincide with the cross-sections of the lower and the upper crack arm behind the crack tip. Segment Bcoincides with the ENF beam cross-section ahead of the crack tip (Fig. 1) .
The J-integral solution in segment A 1 of the integration contour was obtained in the following way. The components of the J-integral were written as:
The coordinate, z 1 , varies in the interval [−h/2, h/2]. The normal stresses and the linear strains distribution in segment A 1 is reported in Fig. 3 .
The strain energy density, u 0 , is equal to the area enclosed by the stressstrain curve [27, 28, 29, 30] (refer to Fig. 4 ):
where dε can be obtained as [23] :
In view of (7), integral (6) was written as:
The solution of (8) was found as: The following formula from Mechanics of materials was applied to determine the partial derivative, ∂u/∂x:
where ε x was obtained by the Ramberg-Osgood equation, (1). Thus, (10) was rewritten as:
The following relation between dz 1 and ε was used in the present analysis [31] :
where dε was obtained by (7) . The edge linear strain, ε d , was expressed by the Ramberg-Osgood equation:
where σ d is the normal stress in the cross-section edges (Fig. 3) .
The following equation for equilibrium of the cross-section [23] was used here to determine the edge normal stress:
where M is the crack tip cross-sectional bending moment in the lower crack arm. M was found as (refer to Fig. 1 ):
By substitution of (13) in (14) and solving the integral, we obtained the following algebraic equation with unknown σ d :
It can be observed in formula (1) , that at H 2 → ∞, the RambergOsgood equation transforms into the Hooke's law. This fact was used here to verify equation (16) . For this purpose, we substituted H 2 → ∞ in (16) and obtained:
Equation (17) coincides with the known relation between the bending moment and the normal stresses in the edges, when a rectangular cross-section deforms in linear-elastic stage, which verifies (16).
Another verification was performed by using the fact that at E → ∞ and n 2 = 1equation (1) transforms also into the Hooke's law (assuming that the modulus of elasticity is H 2 ). Indeed, at E → ∞ and n 2 = 1 formula (16) transforms into (17) . Equation (16) was verified also by considering the fact that at n 2 = 1 the Ramberg-Osgood equation (1) transforms into the Hooke's law (assuming that the modulus of elasticity is EH 2 /(E + H 2 )). By substitution of n 2 = 1 in (16), we obtained (17) , which is also a verification of (16) .
By substitution of (4), (5), (9), (11), (12) , and (13) in (2) and solving the integral in boundaries from the upper edge normal stress to the lower edge normal stress, we found:
where the unknown edge stress, σ d , should be obtained by solving equation (16) with the help of the MatLab program system. The J-integral solution in segment, A 2 , of the integration contour ( Fig.  1 ) coincides with (18) . The components of the J-integral in segment B of the integration contour (Fig. 1 ) were written as:
The coordinate, z 3 , varies in the interval [h, −h]. The edge normal stress σ a in segment B was determined from equation (16) . For this purpose, h and σ d were replaced by 2h and σ a , respectively. Besides, the bending moment in the beam cross-section ahead of the crack tip was written as M = F a/2. Equation (12) was rewritten as:
where the edge linear strain ε a was expressed by the Ramberg-Osgood equation, i.e.:
Formulae (9), (11), (19) , (20), (21) and (22) were substituted in (2). The integration was carried-out in boundaries from the lower edge normal stress to the upper edge normal stress. In this way, we obtained:
The J-integral final solution was obtained by substitution of (18) and (23) in (3) and taking into account that J A 2 = J A 1 , i.e.:
The fact, that at linear-elastic behaviour, the J-integral value is equal to the strain energy release rate was used here to verify (24) . For this purpose, by substitution of H 2 → ∞ in (24), we obtained:
Expression (25) coincides with the formula for the strain energy release rate in the ENF beam configuration [22] , which verifies (24) . It should be mentioned, that at E → ∞ and n 2 = 1, equation (24) transforms also in (25) , which is another verification of the J-integral non-linear solution, obtained in the present study. The correctness of (24) is confirmed also by the fact, that at n 2 = 1 equation (24) transforms in (25) .
The influence was evaluated of the material constants n 2 and H 2 (refer to equation (1)) on the non-linear fracture in the ENF configuration. For this purpose, formula (24) was used to calculate the J-integral value at different magnitudes of n 2 and H 2 /E. In these calculations, it was assumed, that b = 0.025 m, h = 0.0015 m and l=0.04 m. The results of these calculations of J-integral are presented graphically in Fig. 5 (the J-integral is normalized by using the formula J N = J/(Eb)). The diagrams in Fig. 5 indicate, that the J-integral value decreases, when n 2 increases. It can be observed also, that the J-integral value decreases, when the ratio, H 2 E , increases (Fig. 5 ). The effect of the crack length on the J-integral value was analyzed. For this purpose, the J-integral was calculated at different crack lengths. The results obtained are reported in Fig. 6 . The diagram clearly indicates that the J-integral value increases, when the crack length increases (Fig. 6 ).
Conclusion
Non-linear analysis was performed of fracture in the ENF beam configuration with taking into account the material nonlinearity. For this purpose, the Ramberg-Osgood stress-strain curve was used. The fracture behaviour was studied by applying the J-integral approach. Solutions of the J-integral are obtained by using a model based on the Classical beam theory. The influence of the material parameters in the Ramberg-Osgood equation on the J-integral value was evaluated. The effect of the crack length on the J-integral value was analyzed. It should be mentioned, that the analytical approach applied here is very useful for parametric analyses, since the simple formulae obtained capture the essential of the non-linear fracture. The analytical solutions, obtained in the present paper, can be applied also for calculation of the critical value of . Normalized J-integral plotted against the ratio crack length-to-half span, a/l, at n 2 = 0.5, H 2 /E = 2 the J-integral, with taking into account the material non-linearity by using the experimentally determined critical fracture load at the onset of crack growth from the initial crack tip position in the ENF configuration.
